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Module II: Two Phase Flow 
 

The term ‘two phase’ in reservoir engineering refers to systems which contain two (in this 

module: immiscible) phases. To be more specific, we consider two phase systems as porous 

media saturated exclusively with water and oil in conditions (pressure and temperature) that 

allow no gas phase to come into being, i.e. dissolve from the oil (also referred to as ‘dead oil’). 

Flow in such systems underlies the same principles as introduced to for single phase (potential 

difference and flow response), but we need to account for effects that arise from simultaneous 

flow of fluids with different properties and phenomena of interaction. Parameters describing 

flow in such systems depend on the ratio of volumes of both phases. We refer to this fraction as 

saturation.  

As a brief outline, we will illustrate the concept of saturation, look at static equilibrium 

(saturation distribution in a virgin reservoir with phase contact), we extend Darcy’s law from 

single phase to two phase flow and introduce its saturation dependent flow properties and shed 

some light on phenomena like capillary pressure and their effect on flow. 

 

NB: These lecture notes are supposed to be read ‘in one piece’ as it also serves as a walk through for the 

lab exercises. The material presented will help you understand the concepts covered in class. It does not 

serve as a substitute for attending the course (considered as auxiliary only). 
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Saturation 

Porous rock found underground is saturated with water if below the water level. During 

secondary migration (from source rock ‘kitchen’ onward) oil moves upward until trapped by a 

structure (trap) due to low permeability (which we covered already) or high capillary entry 

pressure (which is going to be covered here). Oil thus replaces water from the pores in the 

process. This happens very slowly, but still is considered flow – hence requires a potential 

(pressure) gradient, which arises from the difference in density between the oil and the water 

phase (buoyancy). The process results in an equilibrium oil-water distribution with oil on top 

and water below. In between though, there is a zone of transition with a gradual change from 

one phase to the other. For a block cut out of a reservoir near this contact zone, the saturation 

plot may look like presented in Figure 1. 

 

Figure 1: Water-Oil contact showing the transition zone between hydrocarbon accumulation (top) and free water 

(bottom) 

Now two things become obvious: multiple phases are present (i.e. oil and water), and they 

seem to be unevenly distributed. So the available pore volume is split up between water and oil 

– and it is done so in a non-uniform way. 

Definition 

This brings us to a definition to the term of saturation: it is the fraction of pore volume 

occupied by one phase (the reference phase) with respect to the total available pore volume. This 

of course depends on the size of the volume of interest/observation. We already introduced the 

concept of REVs, and it applies to saturation as well. As a rough guideline, looking at about 50 

pores yields a representative value for most reservoir engineering applications. Most of the time 

we’re dealing with core plugs though, featuring a number of pores many orders of magnitude 

higher. There’s different ways to measure and defer saturation at different points along the 
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wellbore which are more related to reservoir engineering, and we will mention them briefly in a 

later section. For now we try to illustrate the concept of saturation for a domain of interest (a 

piece of porous medium) by looking at some figures presented in Sohrabi, Henderson et al., 

2000. 

 

 

Figure 2: Initial water saturation on the right (Sw = 1.0 = 100%) and after oil ‘migrates’ into the porous medium on 

the left (Sw = 0.45 = 45%, So = 0.55 = 55%) 

To briefly recap: the unit of saturation is dimensionless, since we divide volume by volume 

(pore volume occupied by the reference phase divided by the total pore volume available). The 

size of the REV used for measurement in Figure 2 is roughly in the order of [mm]. We may also 

increase this scale of investigation by a couple of orders of magnitude and look at a fractured 

network block adjacent to a water injection well: 

 

 

Figure 3: A 5x5m block of a fractured reservoir. We can compute saturation for the entire section (Sw = 0.21 = 21%, 

So = 0.79 = 79%) by integrating the total water volume and dividing it by the sum of total oil and water volume. 

Finally, we state the obvious by saying that the sum of all saturations (here oil and water, so 

two phases) always sums up to one, since in two phase systems all of the pore volume is shared 

amongst these two: 
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Visualization in Reservoir Simulation 

Saturation of a porous medium is often visualized using what is referred to as saturation map 

or plot. This is the domain of interest colored by values of saturation for its discretized parts 

(cells or elements). Figure 1 and Figure 3 are of such saturation map type. So for each point in 

our domain we know roughly (if there is a scale available, and there always should be) what the 

saturation is. Most commonly reference phase is oil, that means we plot saturation oil. Another 

way to visualize saturation is to plot its value along an axis (line) of interest (i.e. along a core or 

vertical section, borehole, of a reservoir). 

 

Figure 4: Saturation map on top and 1D line plot at the bottom. Water saturation of the core is 0.9 and 0.1 in the left 

and right part respectively – which corresponds to an oil saturation of 0.1 and 0.9. 

We will use the one dimensional plot when conceptualizing flow equations for systems with 

multiple phases present. The saturation map will be the most frequently used mean of 

visualization when we work with CMG/Eclipse. 
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Capillary Pressure 

In Fluid Flow, capillary pressure was introduced as the difference in fluid pressure between 

oil and water at so called interfaces, that is where the two immiscible phases meet inside a porous 

medium. We will briefly recap the meaning of capillary pressure and then proceed with its 

implications of fluid flow within (heterogeneous) porous media. 

Wettability 

Once a piece of rock, or rock grains for that matter, is in contact with more than one phase (in 

this case: liquid plus air - yes, that’s a phase too) it shows a preference with respect to contact 

area to either one. That means the piece of interest attracts one phase more than the other, hence 

increasing the contact area to this phase in relation to the other phase. We call the phase that 

tends to increase its contact area the wetting phase. On the other hand, the contact area with the 

other phase will be decreased to some minimum accordingly. We refer to this phase as the non-

wetting one. Figure 5 illustrates: 

 

 

Figure 5: Air plus water (left) and air plus mercury (right) on a glass plate (Heinemann, 2005). Contact area 

between solid and fluid is maximized to some extend in the first case, and minimized for the latter. This 

preferential behavior will suffice as general conceptualization for capillary pressure here. Mind the corresponding 

change in contact angle phi, which may serve as quantification. 

There is of course much more theory (i.e. cohesion vs. adhesion, zeta potential) and math (i.e. 

Young’s equation) that goes into defining and describing the wettability state of a reservoir, but 

this will do as a brief recap for this course. 

 

 

 

Figure 6: The wetting phase retreats to small pores (lower sketch) since the ratio of wetting phase volume to 

contact area is larger. 
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Definition 

Whenever two immiscible phases are jointly present in a capillary like structure, a pressure 

difference may be observed. We define capillary pressure as the difference between the non-

wetting (here: oil) and the wetting (here: water) phase: 

 

               (2) 

 

A popular way of illustrating this phenomenon is the rise of wetting fluid in a capillary tube: 

 

Figure 7: Capillary pressure as illustrated in column height for capillary tubes of different radii (Heinemann, 

2005). Smaller radii result in higher capillary pressure. 

Figure 7 illustrates the relation between radius and capillary pressure. The term capillary 

refers to the fact that this pressure difference is only observable for geometries featuring such 

small radii. There is of course a mathematical expression relating the two quantities, but we 

don’t need that at this point. What we need to know is the increase in pc with decreasing radius, 

and of course in a porous medium we relate this to pore throat radius. 

As a brief recap: capillary pressure occurs at the interface between immiscible phases in 

systems with small radii and increases with decreasing radii. For reservoirs that means the 

smaller the pores in which oil and water coexist, the higher the capillary pressure. 

Effects on Fluid Flow – Capillary Spreading 

In the quest to achieve equilibrium, the wetting phase in a porous medium will retreat to 

smaller pores (through smaller pore throats), whereas the non-wetting phase will preferably 

occupy the larger pores – such that the capillary pressure is minimized. In other words, wetting 

phase will try to maximize its contact area with the rock whereas non-wetting phase will 

attempt to minimize its contact surface. This tendency leads to flow that is not caused by the far-

field pressure gradient that we learned about thus far, but one caused by pore-scale, small 

pressure differences due to capillary effects. Hence, as illustrated in Figure 8, there is flow parallel 

to the viscous pressure contours. 
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Figure 8: An attempt to illustrate the effect of capillary spreading. Wetting phase flows driven by capillary 

pressure (parallel to the far-field pressure gradient). The matrix is considered homogeneous. 

The wetting phase will spread to areas with high non-wetting phase saturation due to the 

preference of the rock to the wetting phase. This flow is caused by a capillary pressure gradient 

that depends on the local saturation gradient. It is also referred to as diffusion of the wetting 

phase due to capillary pressure gradients. So it is to point out that capillary driven flow follows 

the direction of a saturation gradient. 

Effects on Fluid Flow – Entry Pressure 

In a heterogeneous medium, different lithology may feature different grain size and grain 

size distribution. This also results in varying distributions in pore size and throat radii. Hence, 

when non-wetting phase, driven by a viscous gradient (one that results from injection and 

production), attempts to invade another layer with smaller sized pore throats, it has to overcome 

the additional capillary pressure resulting from the concept illustrated in Figure 7. 
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Figure 9: Attempting to illustrate capillary entry pressure. Smaller sized pore throat radii through which the non-

wetting fluid enters the layers result in additional capillary pressure to overcome. Of course, capillary pressure 

occurs only in the two phase case. Entry pressure is often abbreviated by pd. 

This pressure barrier may even lead to a stall in flow (if pressure was to drop under the 

ambient pressure for the fluid to penetrate that layer), and is one of the primary trapping 

mechanisms in secondary migration and gas storage applications.  
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Gravity and Buoyancy  

Once there is multiple and immiscible fluids of different densities coexisting in the pore 

space, a pressure gradient will evolve resulting from the difference in densities and the height of 

a percolating (through going) fluid column. We know that the pore pressure expected at depth 

in a water saturated formation is  

 

   ( )            (3) 

 

which corresponds to the weight of the fluid column of water acting. Similarly, in a 

hydrocarbon reservoir, due to the lighter nature of the oil phase, there is a pressure exerted by 

the oil phase which corresponds to the height of the oil column (h) acting from underneath + the 

water pressure at the free water level, that is below the oil-water contact: 

 

   ( )                     (4) 

 

Since there are two immiscible phases, there also exists a wetting phase pressure (3), which is 

different to (4). They are related through the capillary pressure (2).The driving force (pressure) 

pushing the oil upward is hence  

 

             (5) 

 

and causes flow along the vertical axis due to buoyancy. This driving force is in competition 

with capillary and viscous forces, which in sum determine the direction and velocity of fluid 

flow.  

Gravity Over Ride and Under Ride 

For small to medium flow velocities in a reservoir rock, the density difference between the 

displacing (i.e. injected) and the displaced (i.e. initial) phase will cause flow in the direction of 

acceleration of gravity (vertical). In plain terms that means the lighter phase will urge upwards 

relative to the denser phase. Figure 10 illustrates the most common occurrence, that is when 

water is injected to an oil saturated reservoir (‘water flood’). 
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Figure 10: Water flooding from left to right. Due to the density difference, under ride of the displacing phase 

occurs. 

The distinctiveness of the under ride depends on    and the displacement velocity. Slower 

flow allows for more pronounced gravity segregation. We will elaborate this in a later section 

(Forces in Multi Phase Fluid Flow – Tale of a Battle). The opposite case – gravity override – may 

be the case for gas injection. 

 

 

Figure 11: Gravity over ride caused by injecting gas into oil saturated porous rock. 

Water-alternating-gas flood features simultaneous under and override of injected phases, 

since the water phase is denser and the gas phase is lighter than the oil in place. We will deal 

with further phenomena regarding simultaneous flow of three phases on the pore and macro 

level in the last module. 
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Figure 12: WAG flood from left to right will cause underride of the injected water and override of the injected gas . 

(Holm et al., 2011 Transport in Porous Media) 

Concluding let us point out that gravity driven flow acts in the direction of acceleration of 

gravity, meaning vertical w.r.t. the earth surface, because it’s along this axis that the driving 

pressure gradient described by (5) is acting. 

Secondary Migration and Equilibrium 

Oil migration from source rock to trap is driven by the density difference between the acing 

phases. Looking at a slice out of a hydrocarbon accumulation in equilibrium (after everything 

stopped moving that is), we notice a diffusive transition between the water and oil phase instead 

of a sharp interface: 

 

 

Figure 13: Oil-Water transition zone. Rather than a sudden change from all water to all oil we see a gradual 

transition in saturation. The supporting pressure from the oil column is larger in point B than in point A, and 

increases with increasing distance to the free water level. 

The difference in saturation between point A and B when looking at Figure 13 is explained by 

the force acting from underneath and the entry pressure that has to be overcome to penetrate 

smaller pores of the rock. For point A, the acting fluid column is smaller, hence providing less 
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buoyancy force to push the oil into the smaller pores, where resistance due to capillary pressure 

is higher. For point B, the supporting fluid column is larger, producing more force and allowing 

the oil to overcome the capillary pressure encountered through the small pore throats to 

displace the water phase. Figure 14 conceptualizes that for higher oil saturations, the oil must 

displace water from the smaller pores, whereas for low oil saturations it may restrict itself to the 

larger pores. 

 

 

Figure 14: On the left: low oil saturation – the oil resides in the larger pores, it encounters less capillary pressure to 

overcome (large throats). Right: Higher oil saturation requires more force since the oil displaces water through 

small throats, encountering high capillary pressure. 

We recap: high oil saturations result in high capillary pressure, since the interface between 

wetting and non-wetting phase will find itself in small pore throats. For low oil saturations, the 

interface between the phases will be restricted to larger pores, hence result in lower capillary 

pressure. Another point of view: To displace water (wetting phase) by oil (non-wetting phase) 

requires more force the more water is to be displaced. Hence the saturation depends on the 

available force. In equilibrium, this depends on the height above the free water level (beginning 

of the transition zone from a bottoms-up perspective). 
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Figure 15: Saturation moving from the free water level up. The higher the supporting oil column, the more 

pressure due to density difference is available. This increasing pressure allows draining smaller and smaller pores 

which results in increasing oil saturation. 

Whether this zone of transition is large (small, diffusive saturation gradient) or small (large, 

sharp saturation gradient, depends on the difference in density between the two phases (since 

this is what causes the driving force) and even more on the sorting of the rock, which describes 

the variety of pore throat radii to be found in the medium. For poorly sorted rocks transition 

will be smoother and it’s vertical extent larger, whereas for well sorted rock one will find a 

sharp transition from water to oil. This is due to the fact that for well sorted rock, once the oil 

invades the formation, it is unlikely to encounter much smaller throats than the ones already 

penetrated. With decreasing sorting, more and more smaller pores will be next to large ones, 

resulting in a local capillary pressure barrier. 
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Figure 16: Left: well sorted rock (λ=3) features smaller transition zones, whereas poorly sorted rock (right, λ=1) 

shows large, smooth transition from water to oil. 

The available pressure in the oil phase at a given point results from the density difference to 

water and the column height acting from underneath. If all of the pores are about the same size 

(well sorted), the supplied pressure will allow the oil to penetrate most of them since they 

provide similar resistance due to capillary pressure. For rocks with various pore sizes (poorly 

sorted) the same pressure will allow to penetrate some pores but others not. So for well sorted 

rock one is likely to find oil in most of the pores or no oil at all (not enough driving force to 

penetrate the layer) whereas for poorly sorted rock the saturation depends on the location w.r.t. 

the free water level, since the small pores are penetrated only in higher sections. 

 

 

Figure 17: Transition zone of well sorted (red, dashed) and poorly sorted (blue, solid) rock. The saturation gradient 

is referred to as sharp and diffusive, respectively. Compare Figure 16. 
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Forces in Multi Phase Fluid Flow – Tale of a Battle 

We started out by declaring potential (pressure) gradient as what causes fluid to flow in a 

reservoir. In single phase flow the applied far-field pressure gradient, also referred to as viscous 

gradient, caused by injecting and producing was introduced. Phenomena that only occur when 

multiple phases are present also cause pressure gradients. This is the case for capillary and 

gravity driven flow. We note that for multi-phase reservoirs, the following kinds of flow may be 

distinguished: 

 

- Viscous forces 

. Pressure gradient on the field scale, i.e. by injection, production and aquifer 

support 

- Gravitational forces 

. Pressure gradient along the vertical axis due to density difference and fluid 

column height 

- Capillary forces 

. Pressure gradients on the micro-scale due to the wettability state of the rock and 

its pore size distribution 

 

All of the above act simultaneously. Since they all drive fluid in different directions, there is a 

battle between them on where the fluid eventually flows (the direction). Figure 18 illustrates a 

water flood through layers of different permeability. 

 

Figure 18: Water flood of three layers. In the layer of the lowest permeability (middle), the flow velocity is the 

smallest (due to viscous forces), hence the influence of gravitational forces is stronger (underride of the displacing 

water). 

Looking at Figure 18, there is a classic case of viscous versus gravitationally driven flow. The 

viscous gradient imposed by injection and production is the lowest in lower permeable layers – 

hence it is there where the effects of gravitational forces are pronounced the most. Whereas in 
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the upper and lower layer – of higher permeability and hence higher flow velocity – almost no 

gravitational segregation is felt, for the slow flowing low permeable layer in the middle we do 

see gravity under ride. This is because we give the phases ‘time’ to make their density 

differences felt. We try to illustrate this battle between viscous and gravity forces in Figure 19: 

 

 

Figure 19:  Flow direction for different far-field pressures (viscous gradient). The gravitational component (G) is 

equal in both cases, but impacts flow direction (dashed arrows) more in the case of lesser viscous force (V), 

illustrated in black on the left. 

The same holds true for viscous versus capillary forces. In areas with high flow velocity 

effects of capillary pressure are less than in areas with low flow velocities. Quantitative means of 

describing the balance of driving forces are the Bond number, the Capillary number and the 

Gravillary number. 
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Endpoint Saturation 

Capillary forces will cause saturation of either phase (wetting and non-wetting) to be trapped 

inside certain pores, often surrounded by small pore throats. These bits of phases that cannot be 

displaced by the other phase contribute to what is referred to as residual saturation. Residual oil 

(non-wetting) phase saturation on the pore scale is illustrated in Figure 20. 

 

 

Figure 20: Residual oil saturation in a pore network (Ramstad et al., 2009) 

The implication of residual saturation for both the wetting and non-wetting phase is that two 

phase flow only occurs in the saturation range above residual wetting saturation (also connate 

water saturation) and below residual non-wetting saturation. These two points on a saturation 

plot are referred to as endpoints, and it is only between those at any point in our reservoir where 

fluid flows is to be found. This concept is illustrated in FIG. 

 

 

Figure 21: Range of effective saturation. For conventional reservoir simulation, we will not deal with saturation 

beyond the endpoints, since they are not physically meaningful. 
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The saturation range in between the endpoint saturations defines the mobile saturation or 

effective saturation for both phases - that is the range where flow can occur. It is only there where 

relative permeabilities and capillary pressure curves are applicable. By definition, the saturation 

of the system can only be in between those endpoints, since below or beyond it is not possible to 

reduce the saturation further - hence the term irreducible. Mathematically, the effective saturation 

is expressed as 

 

 
      (  )  

       
           

 (6) 
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Relative Permeability 

The urge to extend Darcy’s original relationship (which was established for single phase 

systems) to multi phase flow resulted in the introduction of a scaling factor which takes into 

account that due to the presence of multiple phases, only a fraction of the flow paths is available 

to each phase in the system and interaction processes take place. The arrived at extended Darcy’s 

law is therefore given as 

 

 
    

    
  
     (7) 

 

Which now relates the flow of each phase (qi) to the absolute permeability times the ratio of 

relative permeability over phase viscosity times the pressure gradient. We therefore have as 

many expressions for qi as we have phases present/flowing, which in a two phase system gives 

us an expression for water (qw) and oil (qo). Correspondingly to the single phase conductivity, the 

ratio of relative permeability and phase viscosity is referred to as mobility of the phase. Since 

relative permeability expresses the fraction of total permeability available to the reference phase, 

it is a function of the fraction of volume that is occupied by that phase (saturation). 

 

     →     (  ) (8) 

 

Various functions relating the saturation and other (rock and fluid) parameters to the relative 

permeability have been proposed. We will restrict ourselves to the Linear and in reservoir 

engineering widely spread Corey model. 

Linear 

The most straight forward relative permeability model is one where we assume flow between 

parallel plates. In this case (Figure 22) the saturation of the phase is directly proportional to the 

available flow paths.  

 

 

Figure 22: Flow between parallel plates to illustrate the concept of linear relative permeabilities. Water saturation 

is increasing from left to right, so is the available flow volume ( S = kr ). 

We assume zero interaction (i.e. drag, coupling) between the phases and that the upper 

section is exclusively available to oil and the lower section to water, described by 
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     (  )     (9) 

Even though this parallel flow behavior is unrealistic in practice, the conceptual model is 

useful in understanding the motivation behind relative permeabilities.  

 

 

Figure 23: Linear Relative Permeabilities. 

The most common use for the linear relative permeability model is to describe the flow in 

fractures, since they are supposed to resemble the parallel plate flow the most. Research shows 

(i.e. Fourar and Lenormand) that even in fractures this model is not rigorously applicable. 

Brooks-Corey 

Multiphase fluid flow in a reservoir is nothing as illustrated in Figure 22 - linear relative 

permeability relationship fail in accurately describing how much of the absolute permeability is 

available to either phase. A couple of pore scale phenomena render relative permeabilities non-

linear, such as: 

 

-  Tortuous flow paths 

. oil and water flow through separate pore channels, resulting in deviated and 

circumventing flow paths 

- Trapped saturation 

. Trapped oil/water phase blocks certain pores and forces flow to bypass 

- Interaction between phases 

. drag, coupling… 

 

This non-uniform flow behavior on the pore scale is illustrated by Ramstad et al., 2009: 

 



RSP Module II: Two Phase Flow 20 

 

Figure 24: Oil flowing through a volume of pores. Its pathway is very much deviated, bypassing small pores in 

which wetting saturation resides that is not displaced (Ramstad et al., 2009). The capillary pressure increases 

towards the right (low wetting phase saturation) because smaller and smaller pores are invaded. 

In 1966, based on lab experiments, empirical relationships for relative permeabilities in 

reservoir rocks were established, accounting for the non-linear behavior within porous media. 

This most widely used type of curves of this kind are called to as Brooks-Corey or Corey curves, 

referring to the authors. 

 

Figure 25: Brooks-Corey relative permeability model. These curves account for wettability and pore size 

distribution through a mathematical expression. Sw…effective wetting phase saturation 

 

An important characteristic and distinction to the linear model is that the sum of relative 

permeabilities is not one throughout most of the spectrum– referring back to (7) that means the 

available permeability never matches the absolute one. As soon as multiple phases are present, 

they obstruct each other in the ability to flow, implying the total flow will be less than in the 

single phase case. Another characteristic to note is that for small non-wetting saturation, the 
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relative permeability of the non-wetting phase is higher than the one of the wetting phase for 

small wetting phase saturations. This is due to the fact that oil will occupy the large pores first, 

and hence larger flow paths, whereas the wetting phase imbibes the small pores first, which 

provide less pathway for flow. This resembles in the different slopes of the relperm curves, 

which in turn causes the intersection point of the two curves to be closer to small non-wetting 

phase saturation (Figure 25). 

 

Figure 26: Water (blue & purple) and oil (grey) saturation after a waterflood. Note the non-uniform flow paths. 

(Youssef et al., 2010) 

The shape of the Brooks-Corey relative permeability curve is determined by the λ parameter, 

describing the degree of sorting of the rock (usually between 1 and 5, with smaller values 

indicating poorly sorted media). 

Fractional Flow 

Recalling (7), the flow velocity of each phase is determined by the constant parameters of 

phase viscosity and absolute permeability. Depending on the saturation of the phase, its relative 

permeability increases with higher fractions of pore volume occupied. We learned about two 

models to describe this relationship.  

As a consequence, at given saturation water and oil move with different speeds. Low wetting 

phase saturation will move with less speed than low non-wetting saturation due to it being 

restricted to the smaller pores as a result of fluid-rock preference (wettability). A most common 

parameter describing the ratio between water and oil phase flowing at a given saturation is 

fractional flow, defined as: 

 

Of course, fractional flow is a function of saturation, since qi depends on the saturation 

through its relative permeability factor. Using Brooks-Corey relative permability curves, this 

yields: 

    
  

     
 (10) 
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Figure 27: Fractional flow of water using Brooks-Corey relative permeabilities. Sw…effective wetting phase 

saturation 

An important consequence of the fractional flow concept is that its derivative w.r.t. saturation 

yields the flow velocity of the reference phase in dependence of the saturation. This allows us to 

compute the speed of the displacing front, which will be introduced in Transport/Advection – 

Buckley-Leverett. 

 

Figure 28: The derivative of the fractional flow with respect to saturation. It yields the flow speed of the reference 

phase (here: water) over the spectrum of saturation. Sw…effective wetting phase saturation 
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Flow Equations 

In the Single Phase Module we introduced Darcy’s relationship and the mass conservation 

law, which in combination allowed us to compute pressure and flow velocity. For two phase 

systems we now know that relative permeabilities determine the flow velocities of the present 

phases and depend very much on saturation. We will find a new pressure equation depending 

on the relative permeabilities and viscosities of both phases and introduce a numerical solution 

to computing the transport velocity and propagation of an injected fluid in two phase regimes. 

Pressure and Flow – Extended Darcy 

The diffusion equation for two phase flow is derived the same way as in presented in the 

single phase module (combining Darcy and mass conservation), but using the version of Darcy’s 

law extended to multiphase flow as presented in (7). We skip the derivation here and go right 

into defining a steady state pressure diffusion equation for two phase systems neglecting 

gravitational and capillary effects without sources and sinks: 

 

 

Comparing (11) with the steady state pressure diffusion equation introduced in the single 

phase module, we notice: the conductivity (permeability over viscosity) was replaced by the 

permeability times λt, which is referred to as total mobility and defined by the sum of the phase 

mobilities λi: 

 

 

So the resistance to pressure and flow is the sum of the individual mobilities (resistances) 

times the absolute permeability k. Hence total mobility is a function of saturation (due to the 

relative permeability in the numerator). The total flow velocity relates similarly to the single 

phase version: 

 

 

Again, this velocity depends on the saturation of the volume of interest. Identical pressure 

gradients will cause different total flow speeds (speed of the oil water mixture) at different 

saturations. 

      
     (11) 

 
         

    
  

 
    
  

 (12) 

                    (13) 
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Transport/Advection – Buckley-Leverett 

A numerical solution to the flow in two phase systems is presented by the Buckley-Leverett 

equation. Let’s first state the solution in 1D (i.e. along the axis of a flooded core) and then go on 

to talk what it describes: 

 

 

Equation (14) is what is referred to as non-linear partial differential equation. It describes the 

change in saturation (for phase i) over time ( 
  

  
, the transient term) and over space (  

  

  

  

  
, the 

advection term). The total flow velocity    is computed after solving for pressure using i.e. (11) 

for given boundary conditions and evaluating (13). All of these calculations have to be 

performed continuously, since the saturation changes over time and over space and in turn 

changes i.e. the total mobility through its dependence on kri(S). This mutual dependence of 

saturation transport (advection) on flow properties (mobility) and vice versa flow properties on 

saturation is what makes (14) non-linear and requires for sophisticated (or not so much) 

numerical solution methods. 

 

Figure 29: Buckley-Leverett saturation transport from water injector to producer. The domain is initially saturated 

with 70% oil, corresponding to a connate water saturation of 0.3. Residual oil saturation appears to be around 0.2. 

 

 
 
   
  
   

   
   

   
  

   (14) 
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Related BSc Examination Concepts 

- Homogeneous versus heterogeneous porous media 

- REV 

- Viscous versus Gravity Driven Flow 

- Wettability 

- Contact angle 

- Saturation 

- Capillarity 

- Capillary Tube 

- Relative Permeability 

- Endpoint Saturations 

- Mobility 

- Fractional Flow 

- Buckley-Leverett 
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